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Abstract. We prove a fast computable criterion that expresses non-flatness 
in terms of torsion: Let Ft be a regular algebra of finite type over a field k of 
characteristic zero and let F be a module finitely generated over an i?,-algebra 
of finite type. Given a maximal ideal m in R, let S be the coordinate ring of 
the blowing-up of Speci? at the closed point m. Then F m is flat over R m if 
and only if F m S is a torsion-free i? m -module. If k = R or C, we give a 
stronger criterion - without the regularity assumption on R. We also show the 
corresponding results in the real- and complex-analytic categories. 



1. Introduction 

Flatness of a morphism <p : X — » Y of algebraic or analytic varieties is a funda- 
mental property, which - when present - allows one to regard the fibres of <p as a 
family of varieties parametrized by a given variety Y. It is therefore interesting to 
know how to verify whether or not a given morphism is flat. However, determining 
flatness is, in general, a difficult task. The purpose of the present paper is to give 
criteria that express flatness in terms of torsion-freeness and are easily computable 
using computer algebra. 

Our flatness criteria (see Section II. U below) assert that flatness of (p at a point 
£ G X can be detected as follows: Let r\ — <p(£) G Y and let a : Z — > Y be the 
blowing-up of Y at rj, with £ G er -1 ^). Then ip is flat at £ if and only if the 
pull-back of <p by a, X Xy Z — > Z has no torsion at (£,£); i.e., the local ring 
X x Y z.(t.() * s a torsion- free O^^-module. The simplicity of the latter condition, 
from the computational point of view, is best seen in the following result. 

Theorem 1.1. Let k be a field of characteristic zero and let R = k[yi, . . . ,y n ]- 
Let F be a module finitely generated over an R-algebra of finite type, say, F = 
R[x] q /M, where x = (xi, . . . , x m ), m > 1, and M is a submodule in R[x] q . Set 
M = M(yiy n , . . . , y n -\Vm Dm x), i.e., let M be the module obtained from M by 
substituting yjy n for yj, j = 1, . . . , n — 1. Then F( x>y ) is a flat R( y ymodule if and 

only if M — M : y n (as R[x]-submodules of R[x] q ). 

The idea of expressing flatness in terms of zerodivisors dates back to Auslander's 
seminal paper |5]. Auslander showed that flatness of a finitely generated module 
over a regular local ring is equivalent to torsion-freeness of a sufficiently high tensor 
power of the module. In recent years, his theorem was extended to modules finite 
over an essentially finite-type morphism of schemes (or a holomorphic mapping of 
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complex-analytic spaces): by Adamus, Bierstone and Milman [2] in the analytic 
and complex-algebraic categories (extending a special case done by Galligo and 
Kwiecihski and by Avramov and Iyengar 16] in the category of schemes smooth 
over a field. 

All of the above three generalizations follow the philosophy of Auslander's proof, 
and consequently all share the same limitations for practical application. First of 
all, they require the base ring to be regular (or even smooth, in [6). This in 
itself is not yet the most restrictive assumption. As the authors show in [3], it 
is not difficult to generalize to the singular case (at least in the complex-analytic 
and complex-algebraic categories). More importantly, in general, the above criteria 
detect non-flatness of a module by finding torsion only in its n-fold tensor power, 
where n is the Krull dimension of the base ring. In fact, this is the case already 
for finite modules: Auslander [5] shows an example of a non-flat module F finitely 
generated over a regular local ring R of dimension n such that F as well as all its 
tensor powers up to (n — l)'st are torsion-free over R. To put this in a perspective of 
actual calculations, consider the module from Example 15.21 below: There we have 
R = C[yi, 2/2, 2/3] and a non-flat i?-module F finitely generated over R[x\, . . . ,xg]. 
To verify the non- flatness of F by means of , [2] or [6] , one would need to perform 
primary decomposition (cf. [2J Rem. 1.4]) of an ideal in 3 + 3 • 9 = 30 variables! 
This is, of course, practically impossible. 

Let us consider for a moment the geometric point of view. Let tp : X — > Y denote 
a morphism of algebraic or analytic varieties, with Y smooth of dimension n, and 
</?(£) = n. The general philosophy of [2] and [6] is that the non-flatness of tp at the 
point £ means that the fibre tp (rj) is somehow bigger than the generic fibre of tp. 
Passing to fibred powers of tp (which corresponds to taking tensor powers of the 
local ring £>x,£ of the source over Oy^) amplifies the difference between the special 
and the generic fibre of the mapping to the extent that in the n-fold fibred power 
the special fibres themselves form an irreducible component of the source. (This 
component is responsible for the 0y j7) -torsion in the n-fold tensor power of Ox,i-) 

Here we take a different approach. The main idea behind our results is that the 
"bigness" of the fibre </? -1 (n) can be amplified much quicker. Namely, by taking 
fibred product with a morphism a : Z — > Y with generically finite fibres, whose 
fibre over r\ is of codimension 1 in Z (cf . Theorems 11.51 and 11.81 below) . 

The main tool of this paper is Hironaka's criterion for flatness (Theorem 12.11 
below). Consequently, we first establish our criteria in the analytic category. We 
then derive the corresponding results in the algebraic setting by standard faithfull 
flatness arguments. 

1.1. Main results. Let K = R or C. Our main results are the following two 
flatness criteria. In fact, Theorem 11.21 is a special case of Theorem 11.31 but we 
choose to state and prove it separately, because this special case is already quite 
important and its proof allows one to better understand the somehow technical 
proof of the latter criterion. 

Theorem 1.2. Let F be an analytic module over R = K{yi, . . . , y n }- Let S — 
K{zi, . . . , z n } and let k : R — > S be the morphism defined as 



n{yi) = ziz n , . .., «(y n -i) = z n -iz n , n{y n ) = z n 
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Then F is a flat R-module if and only if y n is not a zerodivisor on F®rS ( as an 
S-, or equivalently, as an R-module). 

Here, denotes the ring of convergent power series with coefficients in K. 

An analytic module over R means (after [12 ) a module which is finitely generated 
over some local analytic i?-algebra, i.e., a ring of the form R{x}/J, where x = 
(xi, . . . , x m ) and J is an ideal in The analytic tensor product, denoted 

is simply the coproduct in the category of local analytic i?-algebras (see, e.g., [2]). 

Below, we denote by Specan (K{y}/I) the germ (at the origin) of a K-analytic 
space defined by an ideal / in 

Theorem 1.3. Let I be an ideal in K{j/i, . . . , y n }, let R = K{yi, . . . , y n }/I , and 
assume that Specan (i?) is positive-dimensional. Let F be an analytic module over 
R. Let S = K{zi, . . . , z n } and K : K{j/i, . . . , y„} S be as in Theorem \1.2[ and let 
I* be the strict-transform ideal of I; i. e, 

L* = {g e S : z*-g G I-S for some k G N} . 

Suppose that L* is a proper ideal in S . Then: 

(i) If F is not R-flat, then y n is a zerodivisor on F®rS/I*. 

(ii) If S/I* is an integral domain (and R is a subring of S/I*), then R-flatness 
of F implies that F^rS/I* is torsion-free over S/I* (resp. over R). 

Remark 1.4. The assumption that I* is a proper ideal in S is equivalent to the 
assumption on the strict transform in Theorem 11.81 below. Therefore it is always 
satisfied, after a linear change in the y- variables if needed (cf. Remark ll.9[) . 

To formulate the geometric analogues of the above results, we need to introduce 
the notion of vertical component. Let (f£ : — > denote a morphism of germs of 
K-analytic spaces, and let denote an irreducible component of (isolated or 
embedded). Recall ({2]) that W% is called an algebraic (respectively, geometric) ver- 
tical component of tp^ (or over Y„) if ip£ maps to a proper analytic (respectively, 
nowhere-dense) subgerm of Y n . (More precisely, for a sufficiently small represen- 
tative W of Wj, and a corresponding representative p of ip^, the germ ip(W) n is 
a proper analytic (respectively, nowhere-dense) subgerm of Y v .) A component of 
X^ is isolated (resp. embedded) if its defining prime ideal in the local ring Ox,(, 
is an isolated (resp. embedded) prime. For the basic facts and terminology on 
blowing-up and strict transforms, we refer the reader to |15j . 

Theorem 1.5. Let (p : X -^Y be a morphism of "K- analytic spaces, with Y smooth 
at a point n. Let a : Z — > Y denote the blowing-up of r\ G Y restricted to a local 
coordinate chart, say, centered at £ £ Z . Let £ G X be a point such that p(£,) = n, 
and let F be a finitely generated Ox,£-niodule. Then F is a flat Oy. ^-module if and 
only if F®q y Oz.q is torsion-free over Oz.q (or, equivalently, over Oy^). 

Corollary 1.6. Let ip : X Y be a morphism of complex- analytic spaces, with 
Y smooth at a point 7/. Let a : Z — >• Y denote the blowing-up of rj 6 Y restricted 
to a local coordinate chart, say, centered at C, G Z . Let £ G X be a point such 
that (/?(£) = V- Then the map germ cp^ is flat if and only if its pull-back by o~q, 
(X Xy Z)(£ q — > Zq has no algebraic vertical components. (Equivalently, the induced 
map germ (X Xy Z)un —> Y n has no algebraic vertical components.) 



Such a module is also called an almost finitely generated R-module; see, e.g., 1111 or [2]. 
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Remark 1.7. Corollary 11.61 follows from Theorem 11.51 applied to F = Ox,z- In- 
deed, there is an isomorphism Ox,^o Y ,n^zx — ^xxyZ.^.Q, and every associated 
prime q G Oy t7] of the O^-module Oxx Y z,(£,C) 1S 01 the form q = p n Oy. v for 
some associated prime p of the ring Oxx Y ZJ££)- Therefore, Ox,f®Oy,,fz,( has a 
zerodivisor over Oy tV if and only if some associated prime of Oxx r z.g.() contracts 
to a non-zero ideal in Oy >rr In other words, the corresponding irrducible component 
of X Xy Z through (£, £) is mapped to a proper analytic subgerm of Y v . 

It is interesting to compare the above result with Theorem 1.1 of [2], where 
the non- flatness of tp% is detected in the n-fold fibred power ^ { „ } . There, the 
characterisation is in terms of the geometric vertical components, and it is actually 
an open problem ([31 Questionl.il]) whether it can be stated in terms of the 
algebraic vertical components as well. Clearly, every geometric vertical component 
over an irreducible target is algebraic vertical, but the converse is not true, in 
general (see, e.g., [TJ). 

Theorem ll.5l is. in fact, a special case of the following result, which is a geometric 
analogue of Theorem 11.31 

Theorem 1.8. Let ip : X — > Y be a ^-analytic mapping of K- analytic subspaces 
of K m and K" respectively. Suppose that G X, ip(0) =0 6 1", and Y is positive- 
dimensional at 0. Let a : K n — > K" be the blowing-up of the origin restricted to 
a local coordinate chart in which the strict transform Z of Y passes through the 
origin. Let F be a finitely generated Ox,o-module. Then: 

(i) If F is not flat over Oy,o, then y n G CV,o is a zerodivisor on F®o Y0 Gzfi- 

(ii) If the germ Zq is irreducible and (o~\z)q : Oy.o Oz,a is a monomorphism, 
then Oy_Q-flatness of F implies that F®o Y Oz.o is torsion-free over Oz,o 
(and over Oy,o)- 

Like Theorem 1 1.51 naturally, the above statement also has its version for flatness 
of ip at the origin in terms of vertical components, analogous to Corollary II .61 

Remark 1.9. Notice that there always exists a local coordinate chart of the 
blowing-up of the origin in which the strict transform of Y passes through the 
origin (of that chart), because, by assumption, G Y is nowhere-dense in Y. More 
precisely, after a linear change in the y- variables if needed, one can assume that 
the vector (0, . . . , 0, 1) G K" belongs to the tangent cone of Y at the origin. Then 
the strict transform of Y passes through the origin in the local coordinate chart for 
which y n is the exceptional divisor. 

Proof of Theorem ] 1.81 Let y — (yi, . . . , y n ), z — (z%, . . . , z n ), and let / be an ideal in 
K{y} such that Oy. = K{y}/I. Set R = Oy fi , S = K{z}, and define k : K{y} -> S 
as k = <Tq. Then Oz,o — S/I*, where I* is the ideal from Theorem II .31 and the 
assumption that Z passes through the origin implies that 7* is a proper ideal in S. 
Clearly, F is an analytic module over R. Therefore, our assertions follow directly 
from Theorem 11.31 □ 

Finally, let us state the algebraic analogue of (the exciting part of) Theorem ll.3l 
Here, as before, K = R or C. 

Theorem 1.10. Let R = %[yi, . . . , y n ]/I , where I is a proper ideal in K[yi, . . . , y n ] . 
Let A = R[x±, . . . , x m ]/Q be an R-algebra of finite type, and let F be a finitely 
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generated A-module. Let S — K[zi,...,z n ] and let k : K[yi, . . . , y„] — > S be the 
morphism defined as 

= z l z n, «(j/n-l) = «n-l«nj K (^n) = Z n . 

Let L* be the strict-transform ideal of L; i.e, 

L* = {g e S : z^-g G L-S for some k e N} . 

Suppose that L* is a proper ideal in S. Then Fr x ,y) is a flat R/ y \-module if y n is 
not a zerodivisor on F^ x y ^ ®B, {y) S/I( z )- 

Remark 1.11. Notice the weakness of assumptions on R. In particular, the above 
criterion allows one to verify flatness of modules over a much larger class of rings 
than that in [H Thm. 4.1]. 

1.2. Plan of the paper. The rest of the paper is structured as follows: In Sec- 
tion [21 we recall the formalism of Hironaka's diagram of initial exponents as well 
as his criterion for flatness in the analytic category (Theorem l2.ip . We follow there 
the excellent exposition of [7]. Theorem l2.1l is an essential component of the proofs 
of our main results, Theorems ll.2l and ll.3l The latter are proved in Section [3J 

In Section [4] we prove a topological analogue of Theorem 11.31 - a criterion for 
(local) openness of a holomorphic mapping between complex-analytic spaces. Like 
our flatness criteria above, Theorem l4.1l is superior to the known effective openness 
criteria (see [T] and [5]) from the computational point of view. On the other hand, 
Theorem 14.11 requires an additional assumption that the source of the mapping be 
pure-dimensional. Example 14.41 proves the necessity of this assumption. 

Finally, in the last section, we give the proofs of our algebraic criteria, Theo- 
rems 11.11 and 11.101 Roughly speaking, these follow from Theorems 11.21 and II. 3[ 
respectively, by faithfull flatness of completions of the rings of polynomials and the 
rings of convergent power series over the base ring. In Section [5j we also give an 
example of an explicit calculation of non- flatness, showing Theorem II .11 at work. 

2. Hironaka's diagram of initial exponents and flatness criterion 

Let K = 1 or C. Let R = K{y}/L be a local analytic K-algebra with the 
maximal ideal m, where y = (yi, ■ ■ ■ ,y n ) and / C K{y} is a proper ideal. Let 
x = (afi, . . . , x m ) and define R{x} :— K{y, x}/I-K.{y, x}. Given j3 = (J3i, . . . , /3 m ) e 
N m and a positive integer q, we will denote by x@ the monomial x^ 1 . . . xf^ , and 
by x^'i the g-tuple (0, . . . , , . . . , 0) with x 13 in the j'th place. Then, a g-tuple 
G = (Gi, . . . , G q ) € R{x} q can be written as G — J2p j 9p,j x ^' J \ f° r some gpj E R, 
where the indices (f3,j) belong to N m x {1, . . . , q}. 

The mapping R = K{y}/L — > K, g g(0) of evaluation at zero, given by 
tensoring with ®^i?/m, induces the evaluation mapping 

R{xY -> K{x}i, G = J2 9^ x0 ' j ^ G (°) = E 9PJ (0)* W ■ 

0,3 P;3 

For a submodule M of R{x} q , we will denote by M(0) the image of M under the 
evaluation mapping. 

Let L be any positive linear form on R m , L{[3) = YmL\ ^ifii i^i > 0)- We 
define a total ordering of N m x {1, ...,q} (denoted by L again) by lexicographic 
ordering of the (m + 2)-tuples (L(0),j,f3i,...,f3 m ), where [3 = (fix, . . . , (3 m ) and 
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(13, j) G W n x {l,...,q}. For a g-tuple G = 9f>,j xf> ' j e R{x} q , define the 

support of G as 

sup P (G) = {G8,j):$«^0}, 
and the initial exponent of G (with respect to L) as 

exp L (G) = min L {(/3,j) : (/3,j) esupp(G)}. 
Similarly, for the evaluated q-tuple G(0), define 

supp (G(0)) = { (A j): 5^(0)^0}, 

and 

ex Pi (G(0)) = nun £ {(&j) : 08, j) G supp(G(0))}. 

Of course, 

(2.1) supp (G(0)) c supp (G) . 

We will also write supp x (G) and supp x (G(0)) when necessary, to indicate relative 
to which variables the supports in question are. 

For a submodule M of R{x} q , the diagram of initial exponents of M (with 
respect to the total ordering L) is defined as 

m L (M) = {ex PL (G) : G G M\ {0}} C N m x {1, . . . , q} . 

Note that m L (M)+W n = 9t L (M), since M is an #{a;}-module. (Indeed, exp L {x"> • 
G) = cxp L (G) + 7 for any G G and 7 G W n , where ((ft, . . . ,/3 m ),j) + 

(71, ■••,7m) = {{Pi +7i,...,/3 m +7m),j')0 

The following flatness criterion of Hironaka (as adapted in [7]) lies at the heart 
of the proofs of our main theorems. 

Theorem 2.1 (Hironaka, cf. [71 Thm. 7.9]). If M is a submodule of R{x} q then 
there exists a positive linear form L on R m such that the following conditions are 
equivalent: 

(i) R{x} q /M is a fiat R-module. 

(ii) For every G £ M , supp (G) n ^l L (M (0)) = implies that G = 0. 

We will also often make use of the following simple observation. 

Remark 2.2. If R is an integral domain, then any flat i?-module is torsion- free over 
R. Indeed, this follows from the characterisation of flatness in terms of relations 
(see, e.g., PH Cor. 6.5]). 

3. Proofs of the analytic flatness criteria 

Proof of Theorem\T^ Let J = (yi—zxy n , . . . , Vn-i-Zn-iVn) and z = (zi,...,z n -i). 
Then, by definition of k : R — > S, we have an isomorphism of i?-modules 

(3.1) S = K{y,z}/(yi - z x z n ,. ..,y n -i - z n -iz n ,y n - z n ) = R{z}/J. 

Choose A — R{x}, x — (xi, . . . , x m ), such that F is a finitely generated A- module. 
Then F = A q /M for some positive integer q and a submodule M oi A q . Hence 

F® R S ^ R{S, x} q /{J-R{z, x} q + R{z, x}-M) . 

Suppose first that F is flat over R. Since flatness is preserved by analytic base 
change ([TBI §6, Prop. 8]), it follows that F^irS is flat and hence torsion-free over 
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S (by Remark [2.2|) . Hence also F®rS is torsion- free over i?, because R embeds 
into S, by (f3~T|) . 

Conversely, suppose that F is not i?-flat. Then, by Theorem l2.11 one can choose 
a non-zero g-tuple G = (Gi, . . . , G q ) £ M such that 

(3.2) su PP:c (G) c (N m x {1, . . . , q}) \ 9lx(M(0)) 

(for some positive linear form L on R m ). Since G(0) £ M(0) and suppa;(G(0)) n 
m L (M(0)) = (by (j2T])). it follows that G(0) = 0, that is, G £ (y) ■ A q . Define 
G K = (Gf,...,G«)£i?{;5,x}«by 

Gj(y,z,x) :=Gj(ziy n ,...,z n -xy n ,y n ,x), j = l,...,q. 

Then G K £ J-i?{5,x}« + x} -M, and G K £ y„ • Let d > 1 be the 

maximal integer for which G K £ y^-R{z, x} q , and set G := y~ d - G K . We claim that 

G £ x}« \ (J-R{z, x} q + R{z, x}-M) . 
We shall actually show a stronger statement, namely 

(3.3) G(0) = G(0,z,x) i (J-R{z,x} q + R{z,x}-M)(0) . 

Extend L to a positive linear form V on ]R(™ _1 )+ m by setting £'(7, /3) = 71 H h 

7„_i + L(/3), where 7 = (71, . . . , 7„-i). Order x{l,...,q} relative to this 

form, and define 91 C W n ~ x )+ m x {1, . . . , q} to be the diagram of initial exponents 
(with respect to the variables z and x) of the evaluated ideal ( J-R{z, x} q + R{z, x}- 
M)(0). Since J(0) = (0), and hence 

{J-R{z,x} q + R{z,x}-M)(0) = (R{z,x}-M)(0), 

it follows that (7,/?, j) £ 91 if and only if (/3, j) £ 91l(M(0)), where 7 = (71, . . . , 7„_i) 
is an exponent of the z-variables. 

On the other hand, notice that supp z, x (G(0)) 7^ 0, by the choice of d. Also, 
clearly, for every (7, f3,j) £ supp j i2; (G(0)), we have (f3, j) £ supp^G). Therefore, 
by (|3.2|) . the non-empty support of G(0) is contained in pj(«- 1 )+ m \ 0T, which proves 
(& 

Now, the class of G in R{z,x} q modulo J ■ R{z,x} q + R{z,x}-M is a non- 
zero element of F<S>rS. But this element is a torsion element over R, because 
y^ ■ G = G R = in F®rS. Consequently, y d (hence also y n ) is a zerodivisor on 
F® R S. □ 

The following lemma will be used in the proof of Theorem 11.31 below. 

Lemma 3.1. Let h(y) = Y]i a h a y a £ K[j/i, . . . , y n ] be a homogenous polynomial 
of degree d, where d > 2. There exist nonzero constants c± , . . . , c n such that, after 
a linear change of coordinates yj h-> yj + Cjj/„, j = 1, . . . , n — 1, y n 1— > c n y n , the 
homogenous polynomial h(y) contains a term c-yf t for some nonzero c £ K. 

Proo/. Set := {a = (ai, . . . , a„) £ N" : ft Q 7^ 0} and let D := \E h \. If D = 1 
then the lemma holds with ci = ■ • • = c„ = 1. Suppose then that D > 2. Let 
a* be the maximal element of Eh with respect to the lexicographic ordering of the 
n-tuples (ai,.. .,a n ) in N n . Set M := max{|/i a |/|/i a »| : a £ E h }; then M > 1. 
Define 

d = {DM) d2ln l) , c 2 = (DAf) d! '" !) , . . . , c„_i = (£>M) d2 , c„ = DM, 
and, for a = (ai, . . . , a„), set p(a) := d 2 ( n ~^ai + d 2 ^ n ~ 2 ^a 2 + ■ ■ ■ + d 2 a„_i + a n . 
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Now, after the substitution yj i-> yj + Cjy n (l < j < n — 1), y n i-> c„y,i, every 
term /i Q y a of /i gets transformed into a finite sum of terms, of which precisely one 
depends only on the variable y n . This term is of the form 

h a c?d? ...c^yi, that is, h a D p ^M p ^y d n . 

Hence, h(y) contains a term c-y d , where c = 'J2 aeEh h a D p ^ M p ( a K Therefore, to 
prove the lemma (i.e., to prove that c ^ 0) it suffices to show that 

\h a ,D p ( a ">M p( - a ">\ > \h a D p ^M p ^\. 

aeE h \{a*} 

Given a — (a.\, . . . , a n ) € Eh \ {a*}, there exists jo < n such that ctj — a* for all 
j < 3q an( i a j +i ^ a jo+i — Note that, since |a| = |a*| and a* is the unique 
maximal element of Eh, we actually have jo < n — 2. It follows that 

p{a) < d^ n -^a\ + ■■■ + d 2{n - Jn) a* + d 2 ^ '^ {a* 0+1 - 1) + d 2( "^°- 2) d 
= d^-^al + ■■■ + d 2{n - jo ^a* o + d 2{n - j °-^a* o+1 - d 2 "- 2 ^- 3 (d - 1) 

< p(a*) - d(d - 1) . 

Hence, for every a £ Eh \ {en*}, 

\h a D p ^M p{a ^\ = • \h a *\D p ^M p( ~^ < M\h a *\(DMf( a ">- d ( d - 1 '> . 

Consequently 

\h a D p{a *>M p ^\ < DM\h a ,\(DM) pi - a ">- d{d -^ 

a£E h \{a*} 

= \h a *\{DM) p{a * ) - d{d - 1)+1 < \h a ,\{DM) p{a ' ] , 
because d(d — 1) > 2, as d > 2. □ 

Remark 3.2. Note that, in the coordinate change of Lemma I3TT1 one can actually 
require that c n = 1, i.e., that the variable y n stays unaffected. Indeed, given a 
change with non-zero coefficients ci, . . . , c n as above, simply change the coordinates 
once more, by setting yj n> yj for j = 1, . . . , n — 1, and y n h-> 1/c„ • y n . Then the 
term c ■ y d oih gets transformed to c/c d ■ y d with c/c^ 7^ 0. 

Proof of Theorem \1.3[ As in the proof of Theorem 11.21 set z = (z\, . . . , 2 n -i) 
and J = (yi — . . . , y n —i ~ z n -iy n ). The composite of the canonical map 
R = K{y}/I — > S/(k(I)) (induced by k) and the epimorphism S/(k(I)) -> S/I* 
makes S/I* into an i?-module. Let J* be the quotient modulo I-K{y, z} of the 
ideal 

{9 '■ Vn-9 £ J + I-^{y, z} for some k e N} 
in K{y, 5}. Then we have an isomorphism of R- modules 

(3.4) S/I* = R{z}/J*. 

Choose A — R{x}, x = (xi, . . . , x m ), such that F is a finitely generated A- module. 
Then F = A q /M for some positive integer q and a submodule M oi A q . Hence 

F® R S/I* S R{z, x} g /(J*-R{z, x} q + R{z, x}-M) . 
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Suppose first that F is flat over R, and S/I* is an integral domain. Since flatness 
is preserved by analytic base change ([HI §6, Prop. 8]), it follows that F®rS/I* is 
flat and hence torsion-free over S/I* (by Remark l2.2p . If, moreover, R embeds into 
S/I*, then F®rS/I* is also torsion- free as an i?-module. This proves claim (ii) of 
the theorem. 

Conversely, suppose that F is not flat over R. Then, by Theorem 12.11 one can 
choose a non-zero g-tuple G — (Gi, . . . , G q ) £ M such that 

(3.5) su PPx (G) c (N m x {l,...,q})\K L (M(0)) 

(for some positive linear form L on M. m ). Since G(0) £ M(0) and suppa;(G(0)) n 
m L (M(0)) = (by ([53])). it follows that G(0) = 0, that is, Gem- A q , where m 
denotes the maximal ideal of R. 
Write G = J2p j 9p,j xl3 ^ •> an d se t 

(3.6) d := max{fc £ N : gpj £ m k for all £ supp x (G)} . 

Choose (/?*, j*) £ N m x{l, ...,<?} such that gp*,j* £ m d \m d+1 , and write gp*,j*(y) = 
J2v>d9p* j*(y)> where each g^, is a homogenous polynomial of degree i/. Now, 
by Lemma 13. 11 after a linear change of the y- variables (which does not affect y n , by 
Remark 13. 2p . we can assume that the initial form g^, •» of gp*,j* contains a term 
c* • y% for some c* ^ (here, we identify ?/„ with its class in m; this can be done, 
because no power of y n belongs to m, for else we would have I* — S, contrary to 
our assumption). 

Next, we proceed as in the proof of Theorem 11.21 Define G K — (Gf, . . . , G£) £ 
R{z,x}« by 

Gj(y,z,x) := Gj(ziy n , . . . , 2„_iy„, y n> x) , j = 1, . . . ,q. 

Then G K £ J*-R{z, x} g + R{z, x}-M, and G K £ y n -R{z, x} 1 /. Notice that, by (|3~6)) . 
d is the maximal integer for which G K £ yf l -R{z,x} q . Set G := y~ d - G K . We claim 
that 

G £ R{S,x} q \ (J*-R{z,x} g + R{z,x}-M) . 
We shall actually show a stronger statement, namely 

(3.7) G(0,0) = G(0,0,a;) £ ( J* -i?{z, x} 9 + i?{z,x}-M)(0,0) , 

where we evaluate at zero both the y and z- variables. 

Let 9t C N m x {1, . . . ,q} denote the diagram of initial exponents (with respect 
to the variables x) of the evaluated ideal ( J* ■ R{z, x} q + R{z, x}-M)(0, 0). By 
assumption, I* is a proper ideal in S. Hence J*(0, 0) = (0), and so = i yi L (M(0j). 

On the other hand, (/3*,j*) £ supp.r(G(0,0)), because 

Vn d ■ 913',]' (Ziy n , ■ ■ ■ ,Zn-iyn,yn)\y=z=0 = C* ^ . 

Thus suppa;(G(0, 0)) ^ 0. Also, clearly, supp x (G(0, 0)) c supp K (G). Therefore, 
by (13. 5p . the non-empty support of G(0,0) is contained in N m \ 01, which proves 
(EH)- 

Now, the class of G in R{z,x} q modulo J* ■ R{z, x] q + R{z,x} ■ M is a non- 
zero element of F®rS/I*. But this element is a torsion element over R, because 
y°l ■ G — G K — in F^rS/I*. Consequently, y^ (hence also y n ) is a zerodivisor on 
F®rS/I* , which proves claim (i) of the theorem. □ 
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4. Openness criterion 

Let ip : X Y be a morphism of complex-analytic subspaces of C m and C" 
respectively. Assume that X is of pure dimension, Y is positive-dimensional and 
locally irreducible, and y(0) = 0. Let a : C™ — > C™ denote the blowing-up of the 
origin restricted to a local coordinate chart in which the strict transform Z of Y 
passes through the origin (cf. Remark 1 1 .9[> . The following is a topological analogue 
of Theorem 

Theorem 4.1. The map ip is open at € X if and only if its pull-back X Xy Z — > Z 
has no isolated algebraic vertical component at (0,0). (Equivalently, the induced 
map X Xy Z — > Y has no isolated algebraic vertical component at (0,0). J 

Here, by a map <p open at a point £ we mean a map whose restriction to a certain 
open neighbourhood of £ is an open map. In other words, v?j is a germ of an open 
map. 

Remark 4.2. Note that in the category of continuous maps between topological 
spaces (hence also in the category of holomorphic maps between complex-analytic 
spaces), openness implies universal openness. That is, if (p£ : X^ — > Y n is an open 
germ and ipQ : Z^ — > Y v is an arbitrary map-germ, then the pull-back of (p^ by 
(X Xy Z)(£,o — > is again open. 

Proof of Theorem \4-l\ If (fio is open, then its pull-back by o-q\z , {X XyZ)( 0i o) Zq 
is also open, by Remark 14.21 Therefore, (X Xy Z)(o,o) has no isolated algebraic 
vertical component over Zq, hence also over Yq (because o~\Z : Z — > Y is dominant). 

Conversely, suppose that ipo is not open. Then, by the Remmert Open Mapping 
Theorem (see [T71 §V.6, Thm. 2]), we have fbdo^ > dimX — dim l", or 

(4.1) dimX < dim y - 1 + fbd </?, 

where fbd^i/? denotes the fibre dimension of ip at a point £, dimj l p~ 1 ( l f(0)- Since 
a\z is a biholomorphism outside cr _1 (0), we can write IxyZ = TUT', where 
T' = (o-UrHO) x y -1 (0) and T is biholomorphic with ^ 1 (Y \ {y n = 0}). One 
readily sees that dimT < dimX and dim o (cr|z)~ 1 (0) = dim Y — 1. Therefore, by 

63), 

dimT < dinio Y — 1 + fbdo^ = dim( ) T . 

It follows that dim(Q Q) T' = dini( )(X Xy Z), and hence T' must contain an 
isolated irreducible component of X Xy Z through (0, 0). By definition of T', such 
a component is mapped into (<t|.z) -1 (0) in Z, and so it is algebraic vertical (over 
Zq, as well as over Yq). □ 

In the algebraic setting, Theorem l4.1l has the following analogue over an arbitrary 
field k (cf. :i Thm. 1.1]): 

Theorem 4.3. Let Y be a scheme of finite type over a field k, and let ip : X — > Y be 
a morphism which is locally of finite type. Assume that Y is normal and positive- 
dimensional and X is of pure dimension. Let m be a closed point of Y , and let 
a : Z — >• y denote the blowing-up ofY at m. Then ip is open at a point p G ip^ 1 {m) 
if and only if the pullback of ^ by a, I xy Z 4 Z has no vertical irreducible 
components. 
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Openness of tp at p means, as above, openness in some neighbourhood of p. 
A vertical irreducible component is (by analogy with the local analytic case) an 
irreducible component of the source whose image is nowhere-dense in the target. 

The proof of Theorem 14.31 is virtually identical with the one above, because: (a) 
openness of a map with a normal target is equivalent to universal openness (see |14[ 
Cor. 14.4.3]), and (b) a map tp : X — >• Y with X pure-dimensional and Y normal is 
open if and only if ip is dominating and the fibres of ip are equidimensional and of 
constant dimension (see [T3J Cor. 14.4.6]). 



To see this, set A = {(t, x) £ Zi : det 



0}. In Xi \ A, one can solve the 



Remark 4.4. Interestingly, Theorems 14.11 and 14 . 31 are false, in general, without the 
pure-dimensionality assumption on X. This can be seen in the following example. 

Example 4.5. Let X = X\ U X2 be a subset of C 9 (with coordinates (t,x) = 
(tx,t2,t 3 ,xi,. . . ,x 6 )), where 

X\ = {(t, x) : t\X\ + t 2 x 2 + t 3 x 3 = t 2 xi + tix 2 — x A = x 5 = x & — 0} , 

X 2 = {(t,x): t 1 =t 2 =t 3 = 0}. 

Clearly, X 2 is irreducible, of dimension 6. We claim that X\ is of pure dimension 4. 

\ t 2 

h h 

first two defining equations of X\ for x\ and x 2 , hence X\ \ A is a 4-dimensional 
manifold. On the other hand, it is not difficult to see that dim A = 3. Since Xi 
is defined by 5 equations in C 9 , it follows that dirmr X\ > 4 for every £ 6 X\. 
Therefore A is nowhere-dense in X\ and X\ = Xi \ A is of pure dimension 4. 
Define tp : X -> Y = C 3 as 

(t,x) M> (*! + Xi,t 2 +X5,t 3 + X 6 ) . 

We claim that ip is not open at 0. For this, it suffices to show that ip\xx is not open in 
any neighbourhood of 0. Consider the set W = {(t, x) e X\ : t 3 — 0, t\ = t 2 ^ 0}. 
Then W C X\ \ X 2 , and for every ^ € W, we have fbdf ip — 2. On the other hand, 
the generic fibre dimension of <p>\xi is 1, as is easy to see. Therefore p\xt is not 
open at any such £, by the Remmert Open Mapping Theorem. But W is adherent 
to e C 9 , which proves our claim. 

Finally, let a : C 3 — > Y be given as <r(z 1 ,z 2 , z 3 ) = (Z1Z3, z 2 z 3 , z 3 ). We shall show 
that ip' : X Xy Z ^ Z, the pullback of tp by a has no isolated vertical components 
through (0,0). As in the proof of Theorem gTQ write X x Y Z = T U T', where 
T' = (^ ,_1 (0) and T is biholomorphic with X \ p^ 1 {{y 3 = 0}). Since tpo has 
no isolated algebraic vertical components itself, it follows that the image of (an 
arbitrarily small neighbourhood of a point £ near in) T under tp' contains an 
open subset of Y. Therefore, if tp' has an isolated algebraic vertical component S 
through (0,0), then S C T' . But T' is a fibre of an open map t\)' defined as the 
pull-back by a of ip := <p\x 2 - By Theorem 14. 11 -0' has no isolated algebraic vertical 
components, which proves that there is no such E. 

5. Algebraic case 

Our flatness criterion in the algebraic setting can be reduced to the analytic case, 
settled above, by means of the following simple but fundamental observation. 

Remark 5.1. Let K = 1 or C. Suppose that M is a module over the local ring 
R = ~K.[x]( x -), where x = (xi, ...,x n ). Then 
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(i) M is a flat i?-module if and only if M ■ K{x} is a flat IK{izi}-module. 

(ii) Given non-zero r € R, r is a zerodivisor on M if and only if r is a zerodivisor 
on M ■ K{x}. 

Indeed, the modules M and M ■ ~K{x} share the same completion M (with respect 
to the (x)-adic topology in R and K{a;}, respectively) over K[[x]] = R = K{x}. By 
faitfull flatness of R over R (J, Ch. Ill, §3, Prop. 6] and Ch. Ill, §5, Prop. 9]), 
M is i?-flat if and only if M is K[[x]]-flat. By faitfull flatness of K{x} over K{x}, 
in turn, M is K[[a;]]-flat if and only if M ■ K{x} is K{a;}-flat. 

Claim (ii) follows from faithfull flatness of completion applied to the sequence 
-> M 4 M. 

Proof of Theorem Let k,R = k[yi, . . . ,y n ], and F = R[x] q /M be as in the 
statement of the theorem. Let S = . . . , z n ] and let k : R — > S be the morphism 

= ziz„, . . . , = z„-i^n, n(y n ) = z n . 

Then, the condition M — M : y n is equivalent to saying that y n is not a zerodivisor 
in F( x>y ) ®r w S {z) . 

Suppose first that Fi x ^ is a flat i2( y )-module. Since flatness is preserved by base 
change, it follows that F( x ^ ®i? (y) S'(z) is A a t and hence torsion-free over (by 
Remark [2.2|) . Hence also F( x ^ ®R (y) ^(z) is torsion-free over R{ y ), because R( y ) 
embeds into S( z y In particular, y n is not a zerodivisor on F( xy j <8>i? (y) S'(z)- 

Conversely, suppose that F^ xy ^ is not flat over i2( v ). We will proceed in three 
steps, depending on k. First, suppose that k = C. Then y n is a zerodivisor on 
F(x,y) ®fl( V ) ^(z)) by Theorem 11.21 and Remark |5. II 

Next, suppose that k is algebraically closed. Then our result follows from the 
above case, by the Tarski-Lefschetz Principle (see, e.g., [T8]), as flatness can be 
expressed in terms of a finite number of relations Q101 Cor. 6.5]). 

Finally, let k be an arbitrary field of characteristic zero, and let K denote an 
algebraic closure of k. Set R 1 :— R ®k K, S' :— S <8>fc K, and F' := F ®fc K. It is 
not difficult to verify that R' is a faithfully flat R- module (see, e.g., [3]). Therefore, 
■F(x,2/) is not .R^j-flat if and only if F'^ x ^ is not i?'^-flat. By the previous part 
of the proof, the latter implies that y n is a zerodivisor on F[ , ®r' S 1 / v But 

^(x,y) ®«' (v) ^z) - ( F (x-,y) ®«(y) ^to) ®fl (y) R [y)i so y„ is also a zerodivisor on 
F(x,y) ®R(y) S(z)> which completes the proof. □ 

Proof of Theorem \1.1(A Let R — K[yi, y n ]/I, where / is a proper ideal in 
K[i/i, . . . , y n ]. Let A — R[x±, . . . , x m ]/Q be an i?-algebra of finite type, and let F 
be a finitely generated A- module. Suppose that Fr x>y \ is not flat over R( y \- 

Let tp : X — >• y be the K-analytic mapping of K-analytic spaces associated to the 
morphism Spec A — > Speci?, and let -F denote the finite Oj\r,o _m odule Fi x<y \ ■ Ox,o- 
The problem being local, we can assume that Y is a subspace of K n . Let further 
a : K n — > K™ be the mapping sending (z\, . . . , z n -i, z„) to (ziz„, . . . , z„_i2 n , z„), so 
that the pull-back homomorphism (Tq : K{y} — ¥ WL{z} is given by the same formulas 
as k in the statement of the theorem. By assumption on the ideal /*, the strict 
transform Z of Y (under a) passes through the origin (in IK™ with the z-variables) . 
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Now, F is a non-flat Oy,o- module, by Remark 15.11 Hence, by Theorem II .8[ y n 
is a zerodivisor on F®o Y0 Oz,o- Thus, by Remark |5. II again. y n is a zerodivisor on 
F(x, v ) ®B, iy) S/!( z ), as required. □ 

Example 5.2. Consider the polynomial mapping ip : X — >• Y = C 3 from Exam- 
ple \£M That is, let X = X t U X 2 be a subset of C 9 (with coordinates (t, x) = 
(t 1 ,t 2 ,t 3 ,xi,. . . ,x e )), where 

X x = {(t, x) : tix x + t 2 x 2 + t 3 x 3 = t 2 xi + t x x 2 = x 4 = x 5 = x 6 = 0} , 

X 2 = {{t,x): t 1= t 2 =t 3 = 0}, 

and let 

ip{t,x) = (t 1 +x 4 ,t 2 + x 5 ,t 3 +x 6 ). 
By Example 14.51 ip is not open at 0. Since flatness implies openness, by a theorem 
of Douady ([9 ), it follows that cp is not flat at 0. This can be verified directly, by 
means of Thcorcm ll.il as follows: 

X can be embedded into C 9 x7 via the graph of ip. Hence, the coordinate ring 
A[X] of X can be identified with C[y, t, x\j (1\ + I 2 ), where 

h = {Vi - *i - x 4 , y% - t 2 - x 5 , y 3 -t 3 - x 6 ) and 

h = {hxi + t 2 x 2 + t 3 x 3 , t 2 xi + t x x 2 , x 4 , x 5 , x 6 ) n (ti, t 2 , t 3 ) . 

Set F — A[X] and R = C[y], We want to prove that F^ XjV \ is not flat over Ri y )- 
Let I\ (resp. I 2 ) denote the ideal obtained from 1\ (resp. I 2 ) by substituting 

2/12/3 for 2/i, and y 2 y 3 for y 2 ; i.e., 

h = (?A2/3 - h~ %4, 2/22/3 ~t 2 - %5, 2/3 - h ~ x 6 ) and 
h = (tixi + t 2 x 2 + t 3 x 3 , t 2 xi + tix 2 , x 4 , x 5 , x 6 ) (~l (ti, t 2 , t 3 ) . 
By Theorem ll.il the non-flatness of F(t,x,y) over R(y) ca - n b e detected by showing 
that (2i + I 2 ) : y n ^ Ii + I 2 - We have verified, with help of a computer algebra 
system Singular (see, e.g., [13]), that (I\ + 1 2 ) : y n contains an element x§y 2 — x$, 
which does not belong to I\ + 1 2 . This is easy to see. Indeed, on the one hand, 

2/3(^62/2 - X5) = x e y 2 y 3 - x 5 y 3 =^ x 6 (t 2 + x 5 ) - x 5 y 3 = t 2 x e + x 5 x 6 - x 5 y 3 

=j 2 + x 5 x 6 - x 5 y 3 = ?i x 5 2: 6 - x 5 (t 3 + x 6 ) = -t 3 x 5 =j 2 . 

On the other hand, suppose that x§y 2 — 2:5 € Ji + ^2- Then, after evaluating at 
zero the variables yi,y 2 ,y 3 ,ti,t 3 ,xi,x 2 ,x 3 ,x 4 , and xq, we would get 

-x 5 e (/ 2 + a;5,i2a;5)-C[t2,2:5] , 

which is false. 
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